How Many Gifts Did My True Love Give to Me? — Solution

Most students will grab a calculator (your option as to whether to allow it) and start adding1 +2+3+4+5+6+7 +
8+9+10+11+12 andyell out “78." | remain silent for awhile. Others will confirm, “Yes, 78.” Others will take
longer and finally say, “364.” “WHAT? How could there be that many?” So | encourage discussion among the
students at that time. After much discussion, it is generally agreed that the composer (unknown) of the song probably
meant that on the first day, | received a partridge in a pear tree, on the second day I received 2 turtle doves, etc. But
the way the song is worded, the gifts accumulate each day. Then all the students have their AHA moment and get to
work: 1+(2+1)+(3+2+1)...=1+3+6+10+15+21+28+36+45+55+66+ 78 =2364. And this is then
the agreed-upon accepted answer. NOTE: Each year when someone in the media finds the total cost of the items in
"The 12 Days of Christmas,” that total cost is for the gifts on the twelfth day only (the cost of 78 gifts, not 364).

Wow!!! 364. Think of the significance of that number. Suppose I did not like any of those gifts, and | started
returning them, one per day, starting the day after Christmas. When would I return the last gift?

But the learning and teaching are just beginning. If the students have never been introduced to the triangular numbers,
then this can be their exposure to a fascinating topic in mathematics:

One: * Add2: * Add 3: * Add 4: * (My comment: “Let’s go bowling.”)
* * * * * *
* * * * * *
* * * *
Add 5: * (My comment: “Hey, let’s play pool.”)
* *
* * *
* * * *
* * * * *

And the students see why we call these triangular numbers, and how they are derived. If your students have
not been exposed to Pascal's Triangle and some of its properties, now is the time. There are many patterns
and properties that can be found in Pascal’s Triangle. Specifically, let’s look at the diagonals. Move down
the right outside diagonal to the third “1” and then go downward diagonally to the left. Follow the diagonal
1,3,6,10, 15, 21, ..., 78. These are the triangular numbers and these are also the number of gifts given to
me on successive days.

1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 /8 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1

Pascal’s Triangle



Now, look at a diagonal, say 1, 2, 3, 4. To find the sum of those numbers on that diagonal up to that point,
look downward to the right (Hockey-Stick, or Dog-Leg), and you find the sum is 10.

Look at another diagonal, say 1, 6, 21, 56, 126. To find the sum of those numbers on that diagonal up to that
point, look downward to the right, and you find the sum is 210.

1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1

Pascal's Triangle

So...to find the sum of the first 12 triangular numbers, look at the diagonal 1, 3, 6, 10, ... ,66, 78, and look at
the number downward to the right: 364. AHA!!!

However, we do not stop there. “Did anyone think of this in another manner? Can you find a solution using
a different method?” If no one supplies an answer quickly, I will tell them to think about this, and we will
talk about it again tomorrow.

If need be, I finally ask them this leading question: “How many partridges did I receive?” “Do | hear 12?”
“OK, how many turtle doves did I receive?” “OK, 22.” “Now what?”
Eventually, we look at another solution:

I received 1 partridge per day for 12 days: 1 x 12 =12 partridges
I received 2 turtle doves per day for 11 days: 2 x 11 = 22 turtle doves
I received 3 French hens per day for 10 days: 3 x 10 = 30 French hens
..... 4x9= 36
..... 5x8= 40
..... 6x7= 42
..... 7x6= 42
..... 8x5= 40
Hey, look at that symmetry.
............ 12x1= 12
Total Gifts: 364 YES!! We get the same answer!!

So we talk about the thrill in mathematics of often being able to solve a problem in more than one way.

Then | will write these on the board or the overhead:



1 partridge x 12 days = 12 (1, 12)

2 turtle doves x 11 days = 22 (2, 22)

3 French hens x 10 days = 30 (3,30)

4 Calling birds x 9 days = 36 (4, 36)
(11, 22)
(12, 12)

OK, now let’s graph the ordered pairs (X, y), where x is the multiplicity of the item received each day, and y
is the total number of this gift received. The graph looks like this:

Does this look familiar? Can we find its equation? Let’s trying using our algebra skills. Since it appears
that it might be a quadratic function (specifically, a parabola), we will try

f(x) =ax®+bx + ¢

And let’s use any three points that we know lie on that curve, say (1, 12), (2, 22) and (9, 36),
to solve the system of equations:

12 = a(1)®> + b(1) + ¢
22 = a(2®> + b(2) + ¢
36 = a(9)? + b(9) + ¢

Your students will undoubtedly find many different ways (substitution, addition/subtraction, matrices,
determinants, etc.) to solve this system and will find that

a=-1; b=13; and c¢=0

Our quadratic function then becomes f(x) = — 1x* + 13x + 0. Have each of your students check a different
ordered pair to help them see that this function is indeed the one for which we searched.

Depending on their background in the graphing calculator or other technology (and your preference for using
the grapher), students may determine this same function directly by finding the quadratic regression line
(curve of best fit) for this set of ordered pairs by using the statistics mode (scatter plot and then the graph) on
their calculator. (All of your students must eventually become fluent in the use of this technology.)



